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TOTALLY GEODESIC FIBRES FROM PSEUDO-HYPERBOLIC 

SPACES 



GABRIEL BADITOIU 

o 

' Abstract. We classify pseudo-Riemannian submersions with connected totally geodesic 

• fibres from a real pseudo-hyperbolic space onto a pseudo-Riemannian manifold. Also, 

ry j . we obtain the classification of the pseudo-Riemannian submersions with (para-) complex 

connected totally geodesic fibres from a (para-)complex pseudo-hyperbolic space onto a 
pseudo-Riemannian manifold. 
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1. Introduction and the Main Theorem 

Riemannian submersions, introduced by O'Neill [36] and Gray [21], have been used by 
many authors to construct new specific Riemannian metrics, like Einstein or positively 
curved ones |27], and to study various geometric structures of Riemannian manifolds 
|16j . In this paper, we classify the pseudo-Riemannian submersions with connected, totally 
Q\ ', geodesic fibres from a pseudo-hyperbolic onto a pseudo-Riemannian manifold. We give a 



short review of known classification results of Riemannian submersions and of their nice 
applications. 

In early work, Escobales [TH [15] and Ranjan [38] classified Riemannian submersions 
with connected totally geodesic fibres from a sphere, and with complex connected totally 
geodesic fibres from a complex projective space. Using a topological argument, Ucci [13] 
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^ ■ showed that there are no Riemannian submersions with fibres CP 3 from the complex 
projective space CP 7 onto 5* 8 (4), and with fibres HP 1 from the quaternionic projective 
space HP 3 onto S 8 {4). 

A major advance obtained by Gromoll and Grove in [26J is that, up to equivalence, the 
only Riemannian submersions of spheres (with connected fibres) are the Hopf fibrations, 
except possibly for fibrations of the 15-sphere by homotopy 7-spheres. This classification 
was invoked in the proofs of the Diameter Rigidity Theorem in Gromoll and Grove [25] and 
of the Radius Rigidity Theorem in Wilhelm [H]. Using Morse theory, Wilking [45] ruled 
out the Gromoll and Grove unsettled case by showing that any Riemannian submersion 7r : 
S 15 — > P 8 is metrically equivalent to a Riemannian submersion with totally geodesic fibres, 
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which by Escobales' classification must be equivalent to a Hopf Riemannian submersion. 
A nice consequence of this classification is the improved version of the Diameter Rigidity 
Theorem due to Wilking [35]. 

In pseudo- Riemannian setup, the pioneering work is due to Magid [32J, who proved 
that the only pseudo-Riemannian submersions with totally geodesic fibres from an anti- 
de Sitter space onto a Riemannian manifold are the Hopf pseudo-Riemannian submer- 
sions H^ m+1 CH m . Generalizing Magid's result, Stere Ianu§ and I classified pseudo- 
Riemannian submersions with connected totally geodesic fibres from a pseudo-hyperbolic 
space onto a Riemannian manifold, and with connected complex totally geodesic fibres 
from a complex pseudo-hyperbolic space onto a Riemannian manifold (see (3j). In [3], 
I extended these results to the case of a pseudo-Riemannian base under the assumption 
that either (i) the base space is isotropic or (ii) the dimension of fibres is less than or 
equal to three, and the metrics induced on the fibres are negative definite. I also proved 
that condition (ii) implies (i) [3] . In this paper, we drop these assumptions and we proved 
the following main result: 

Theorem 1.1. Let tt : — >■ B be a pseudo-Riemannian submersion with connected 
totally geodesic fibres from a real pseudo-hyperbolic space Hf of curvature —1 onto a 
pseudo-Riemannian manifold. Then tt is equivalent to one of the following Hopf pseudo- 
Riemannian submersions: 

(a) 7T C : H%lf -> CH?, < t < m, (b) tt a : H^ +1 -> AP m , 
(c) vr e : H^ + f Htf™ < t < m, (d) tt b : H^tt ~+ ®P m , 
(e) tt* : Hi! -> HK-4), (f) tt q , : H? -> fl|(-4), (g) : H? H\-A). 

where CH™, H.H™ are the indefinite complex and quaternionic pseudo-hyperbolic spaces of 
holomorphic, respectively, quaternionic curvature —4; AP m is the para-complex projective 
space of real- dimension 2m, signature (m,m), and of para-holomorphic curvature — 4; 
MP m is the para- quaternionic projective space of real dimension 4m, signature (2m, 2m), 
and of para- quaternionic curvature —4. 

The plan of the paper can be summarized as follows. Section[2]presents some known def- 
initions and results in the theory of pseudo-Riemannian submersions. In £j3l we exhibit the 
construction of the Hopf pseudo-Riemannian submersions from pseudo-hyperbolic spaces, 
which ensures the existence of at least one pseudo-Riemannian submersions in each class 
(a)-(g) of Theorem ll.il In §H we see that the base space B is isometric to either a pseudo- 
hyperbolic space or a complete, simply connected, special Osserman pseudo-Riemannian 
manifold, which was classified in |10j . To exclude the Cayley planes of octonions, and of 
para-octonions from the list of possible base spaces, we prove that the curvature tensor 
of B has a Clifford structure. For the remaining cases, we establish that the dimension 
and the index of the total space are, in fact, those claimed in Theorem 11.11 This re- 
duces the equivalence problem of two pseudo-Riemannian submersions to the one of the 
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same base space, which we resolve in £j5j Section [6] features two consequences of Theorem 
11.11 (a) the classification of the pseudo-Riemannian submersions with totally geodesic 
fibres from complex pseudo- hyperbolic spaces and from para-complex projective spaces 
under the assumption the fibres are, respectively, complex or para-complex submanifolds 
and (b) the nonexistence of the pseudo-Riemannian submersions with quaternionic or 
para-quaternionic fibres from M.H™ and BP" 1 , respectively. 

2. Preliminaries 

In this section we recall several notions and results which will be used throughout the 
paper. 

Definition 2.1. A smooth surjective submersion it : (M,g) — > (B,g') between two 
pseudo-Riemannian manifolds is said to be a pseudo-Riemannian submersion (see [37] ) 
when 7T* preserves scalar products of vectors normal to fibres and when the metric induced 
on every fibre Fb = 7r _1 (6), where b e B, is non-degenerate. 

The vectors tangent to fibres are called vertical and those normal to fibres are called 
horizontal. We denote the vertical distribution by V and the horizontal distribution by ~H. 
The geometry of pseudo-Riemannian submersions is characterized in terms of the O'Neill 
tensors T, A (see [361 EZ]) defined for every vector fields E, F on M by 

(2.1) A E F = hV hE vF + vV hE hF, T E F = hV vE vF + vV vE hF, 

where V is the Levi-Civita connection of g, and v and h denote the orthogonal pro- 
jections on V and "H, respectively. We assume that the fibres are totally geodesic, 
which is equivalent to T E F = for every E, F. The O'Neill tensor A is alternating, 
i.e. AxY = —AyX for any horizontal vectors X, Y, and skew-symmetric with respect to 
g, i.e. g(A E F, G) = -g{F, A E G) for every vector fields E, F, G ( [U HS1 [361 [37] ) . Through- 
out the paper, X, Y, Z, Z' will always be horizontal vector fields, while U, V, W, W will be 
vertical vector fields. We assume that dim M > dim B and that M is connected. 

We denote by R, R! and R the Riemann curvature tensors of M, B and of the fi- 
bre 7r _1 (x), x G B, respectively. We choose the convention for the curvature tensor 
R(E,F) = V s Vf - VfV b - V[e,f]- R'(X,Y)Z will also denote the horizontal lift of 
R'^tX, -k^Y^^Z. The structure equations of a pseudo-Riemannian submersion, usually 
called the O'Neill equations, are stated next in totally geodesic fibre setup. 

Proposition 2.2 ( [El [161 EU [36] ) . If 71 '■ M — > B is a pseudo-Riemannian submersion 
with totally geodesic fibres, then 

(a) R(X, Y, Z, Z') = R'(X, Y, Z, Z')-2g(A x Y, A z Z') + g(A Y Z, A X Z>) -g(A x Z, A Y Z f ), 

(b) R(X,Y,Z,U)=g((V z A) x Y,U), 

(c) R(X, U, Y, V) = g((VuA) x Y, V) + g(A x U, A Y V), 

(d) R(U, V, W, W) = R(U, V, W, W), and (e) R(U, V, W, X) = 0. 
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Corollary 2.3. If n : M — > B is a pseudo-Riemannian submersion with totally geodesic 
fibres, then 

(a) R(X, Y, X, Y) = R'(X, Y, X, Y) - 3g(A x Y, A X Y) . 

(b) R(X, U, X, U) = g(A x U, A X U) . 

Definition 2.4. A vector field X on M is said to be basic if X is horizontal and 7r-related 
to a vector field X' on B. A vector field X along the fibre 7r -1 (x), x G B, is said to be 
basic along 7r _1 (a;) if X is horizontal and 7T* p X(p) = 7r* g JT(g) for every p, q G 7r _1 (x). 

We notice that each vector field X' on I? has a unique horizontal lift X to M which 
is basic. For a vertical vector field V and a basic vector field X we have KWyX = A X V 
(see [35!). 

Definition 2.5. Two pseudo-Riemannian submersions ir,ir' : (M,g) — >■ {B,g') are said 
to be equivalent if there exists an isometry f of M which induces an isometry f of B so 

that 7f' O / = / O 7T. 



3. The construction of the Hopf pseudo-Riemannian submersions 

In this section, we exhibit the construction of the real, complex, quaternionic pseudo- 
hyperbolic spaces, of the para-complex and para-quaternionic projective spaces and the 
construction of the Hopf pseudo-Riemannian submersions from pseudo-hyperbolic spaces. 

Definition 3.1. Let (-, be the inner product of signature (m — t, t + 1) on R m+1 

given by 

t m 

(3.1) (x,y) R ™+i = ^ x iVi 

i=0 i=t+l 

for x = (xq, • ■ ■, x m ), y = (yo, ■ ■ -, y m ) G IR m+1 . For any c < and any positive integer t, 
let H™(c) = {x G M m+1 | (x,x) R m+i = 1/c} be the pseudo-Riemannian submanifold of 

fl^-l 1 = (IR m+1 , ds 2 = —dx g) <ixo — • • • — ob t ® dx t + dx t+ i ® <ix t+ i + • • • + c?x m ® dx m ). 

if t m (c) is called the m-dimensional pseudo-hyperbolic space of index £. The hyperbolic 
space H m (c) is the hypersurface {x = (xq, xi, ■ ■ ■ , x m ) G M m+1 | x > 0, (x, x) R m+i = 1/c} 
endowed with the metric induced from 

i? t m (c) has constant sectional curvature c, and we shall denote simply H™ = H™(—1). 

Throughout the paper, we use the notations: EI for the field of quaternions, A, B for the 
algebras of para-complex and para-quaternionic numbers, respectively, O for the algebra 
of octonions (Cayley numbers), and O' for that of para-octonions [28] (split octonions). 
For F G {C, A, H, B, O, O'}, and for z G F, we denote by z the conjugate of z in F and, 
as usual, \z\% = zz = zz G R. 
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3.1. The indefinite Hopf pseudo-Riemannian submersions. When K G {C, H}, 
let (-, -} K m+i be the inner product on K m+1 given by 



t 



(3.2) (z, w) K m,+i — Re(— } j ZjWj + 

i=0 i=t+l 

where z = (z , • • -, z m ), y = (wo, ■ ■ •, w m ) G i^ m+1 . We set d = dim^ K and assume c < 0. 
We simply note that S d ~ l = {z £ K \ zz = 1}, and 

(3.3) ^d(t+i)-i 1 ( c /^) = ^ e ^ m+1 I <*■ ^ = 4/c}. 
The restriction of the projection 

(3.4) {z G | (2,2)^+1 <0}^{ze K n+1 | (2,2)^+1 < 0}/K*, z ^ ziT 



d(m+l)-l, 

i; 

(3.5) tt* : flgj?^ 1 ^) -+ KH™(c) = H$+$\c/A)/S*-\ z * zS^ 

called the indefinite Hopf fibration of H^j^^ 1 (c/4) . There is a unique pseudo-Riemannian 
metric on KH™(c) such that tt k : -> M t m (c) is a pseudo-Riemannian 

submersion with totally geodesic fibres. We shall simply denote KH™ = 
For c = —4, and for K = C and X = H, respectively, the Hopf pseudo-Riemannian 
submersions are: 

(a) 7r c : H^ 1 -> C# t m with the fibres isometric to = -# s i), and 

(b) 7T H : i^+s 3 -»■ with the fibres Ff = (S 3 , -&? 3 ). 

A nice reference for the construction of 7rc is [7]. Note that CH™ has holomorphic sectional 
curvature —4 [7], and that M.H™ has quaternionic sectional curvature —4. 

3.2. The para Hopf pseudo-Riemannian submersions. There are several models of 
para-complex and of para-quaternionic projective spaces [13j [171 OS EJ IS]. Following 
[T3l fT71 H~8] . we present a para-complex model of a para-complex projective space, AP m , 
which is simply connected for m > 2, and a simply connected para-quaternionic model 
for the para-quaternionic projective space, MP m , [9]. 

For D G {A, B}, let d = dim^D. We consider the inner product of signature ( ( m + 1 ) d ) 

(m+l)rf ^ Qn jjm+l gj ven 



to ^(t+i)-i ( c /^) * s a submersion 



1 



(3.6) (z,w) = Re(^ 



m 



i=0 

for 2; = (zb,--- ,2to),2/ = (w ,--- ,w m ) G -D m+1 . Identifying D m+1 = R$!Si)/2> via 
(zb, • • • , Zm) - (4r--,z m ,-'-,4r--,z m ), where z { = (zj, ■ ■ ■ , zf), < % < m, we 
simply have (z, lu) = — (z, w)„d(m+i) , for any z, w. In particular, we can write H^"- +1 = 

K d(m + l)/2 

{z G A m+1 I (z, z) = 1} and H^Xl = {z e B m+1 | (z, z) = 1}. 
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We set A™ +1 = {z6 A m+1 | (z, z) > 0} and A+ = {t = x + ey G A | it > 0, x > 0}. 
The para-complex projective space AP m is defined to be the quotient of A™ +1 under the 
equivalence relation: Z ~ W if Z = tW for some t G A + (see [13], [T7] IT8]). 

We notice that H 1 = {t e A + \ tt = 1}. The restriction of the projection A™ +1 — > 
AP m = A™ +1 /A+ to P^ m+1 , gives the Hopf submersion 

(3.7) tt a :: #^ m+1 ->■ AP m = H 2 ™ +1 /H\ 

Moreover, there exists a unique pseudo-Riemannian metric g' on AP m such that 7Ta is a 
pseudo-Riemannian submersion with totally geodesic fibres [15] . (AP m ,g') is a complete 
para-holomorphic space form and its para-holomorphic curvature is —4. 

The construction of BP m is analogous to the para-complex projective space. We have 

(3.8) BP m = {ze B m+1 | (z, z) = l}/{t e B| tt = 1} = H%£tl/ H h 

and there exists a unique pseudo-Riemannian metric g' on MP m such that the projection 

(3.9) ttb : tf 2 ti 3 MP m = H^Xt/Hl 

is a pseudo-Riemannian submersion with totally geodesic fibres [9]. Moreover, (BP m , is 
a complete simply connected para-quaternionic space form of para-quaternionic curvature 
-4 (see [9]). 

3.3. The Hopf Pseudo-Riemannian submersions between pseudo-hyperbolic 
spaces. The Hopf construction. All Hopf pseudo-Riemannian submersions between 
(real) pseudo-hyperbolic spaces can explicitly be obtained by Hopf construction. 

A bilinear map G : x K ? 4 M n is said to be an orthogonal multiplication if G 
is norm-preserving, that's \G(x,y)\ = \x\\y\ for any x G M. p ,y G M. q [5J [40] . A Hopf 
construction is a map if : MP x M. q — y M n+1 defined by <p(x,y) = (\x\ 2 — \y\ 2 , 2G(x, y)), 
for some orthogonal multiplication G [5] HQ]. The Hopf construction can provide certain 
examples of harmonic morphisms [30, 40J, and we would like to refer the reader to the 
beautiful book [5] due to Baird and Wood for other nice results on this topic. Since the 
sectional curvatures K, K' of the total and of the base spaces of any pseudo-Riemannian 
submersion between real spaces forms must obey K' = 4K, we are here forced to consider 
the map (p(x,y)/2 instead. 

Let F G {C, A, H, B, O, O'}, and let <pi, tp 2 : F X F -> R x F be the maps given by 

(3.10) Vl {x,y) = {{\x\ 2 -\y\ 2 )/2,xy) and <p 2 (x, y) = {{\x\ 2 + \y\ 2 )/2, xy) 

for any x,y G F, where x denotes the conjugation of x in F and as usual \x\ 2 = xx, 
\y\ 2 = yy. For convenience, we denote t\ = (\x\ 2 — \y\ 2 )/2 G M, i 2 — (l^l 2 + l?/| 2 )/2 G R 
and w = xy G F. Since \w\ 2 = \xy\ 2 = \x\ 2 \y\ 2 , for any x,y G F, it is easy to see that 

(i) if \x\ 2 + \y\ 2 = 1, then t\ + H 2 = 1/4; 

(ii) if |x| 2 - |y| 2 = 1, then t\ - |u;| 2 = 1/4. 
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Setting d = dim R F, we identify FxF~ M. 2d via 

(3.11) ( (x 1 , x d ), {y\ ••-,/)) ~ (a; 1 , y 1 ,- ■ ■ ,x d ,y d ). 

When F G {C, H, O}, we consider the following restrictions of <pi and cp 2 to H 2d zl and 
to H^Z^ 1 , respectively: 

^ : i?2d-i = {(*, 2/) e F 2 | |x| 2 +|y| 2 = 1} -> tf d d (-4) = w) G IRxF | t 2 +|^| 2 = 1/4}, 

<^ 2 : = {(x,y) G F 2 | |a;| 2 -|y| 2 = 1} iJ d (-4) = {(t 2 ,w) G KxF | t 2 -| W | 2 = 1/4}. 

This simple construction gives six Hopf pseudo-Riemannian submersions with totally ge- 
odesic fibres: 

7T! : #f -> # 2 (-4) = C# 1 , tt 2 : E] -> # 4 4 (-4) = Hff*, vr 3 : F^ 5 -> F 8 8 (-4), 

7T 4 : F^ 3 ->■ F 2 (-4) = CH\ vr 5 : #J -> F 4 (-4) = HF 1 , vr 6 : F 7 15 -> F 8 (-4) = Off 1 . 

The first three submersions are the well known Hopf fibrations between spheres. 
When F G {A, B, O'}, the restriction of <p x to H^ 1 , 

^ : H 2 d d _- 1 = {(x,y) G F 2 \ \x\ 2 +\y\ 2 = 1} F d d /2 (-4) = {(t 1)W ) G MxF | t 2 +M 2 = 1/4}, 

gives another three Hopf pseudo-Riemannian submersions with totally geodesic fibres 
between pseudo-hyperbolic spaces: 

tt 7 : Hi F 2 (-4) = AF 1 , tt 8 : F 4 7 -»■ F 2 4 (-4) = BF 1 , vr 9 : F 7 15 Ff (-4). 

Note that, for F G {A, B, O'}, the restriction of v? 2 to H 2 ^ 1 will give the same tt7, 7r 8 , TTg. 
In [30], Konderak constructed the harmonic morphisms 2tt7 and 2tt 8 via the Hopf con- 
struction (see also [5j Examples 14.6.5 and 14.6.6]). For the identification (13. lip of 
O' x O' ~ R 16 , the Hopf pseudo-Riemannian submersion tt 9 : F 7 5 — > Ff(— 4) can be 
written explicitly as 

/ \ // 2,2,2,2 2 2 2 2 2 2 2 2,2 

7r B (xi,j/i, • • • ,x s ,y 8 ) = {{x 1 +x 2 + x 3 + x i -x 5 -x 6 -x 7 -x 8 -y 1 -y 2 -y 3 -y i +y 5 

+yl + J/? + 2/s)/ 2 , + ^22/2 + X3Z/3 + ^42/4 - ^52/5 - X 6 2/6 - ^72/7 ~ ^82/8, -Sal/l 

+xiy 2 + x 4 ?/3 - x 3 y 4 - x 6 y 5 + x 5 y 6 + x 8 y 7 - x 7 y 8 , -x 3 y x - x 4 y 2 + x x y 3 + x 2 y 4 
-x 7 y 5 - x 8 y 6 + x 5 y 7 + x 6 y s , -x 4 yi + x 3 y 2 - x 2 y 3 + x x y± - x 8 y 5 + x 7 y s - x 6 y 7 
+x 5 y 8 , -x 5 yx - x 6 y 2 - x 7 y 3 - x 8 y 4 + x x y 5 + x 2 y 6 + x 3 y 7 + x 4 y 8 , -x 6 y 1 + x b y 2 
-x 8 y 3 + x 7 y A - x 2 y 5 + %iye - x A y 7 + x 3 y 8 , -x 7 y x + x 8 y 2 + x 5 y 3 - x§y A - x 3 y 5 
+x 4 y 6 + x x y 7 - x 2 y 8 , -x 8 yi - x 7 y 2 + x 6 y 3 + x 5 y 4 - x 4 y 5 - x 3 y 6 + x 2 y 7 + x x y 8 ) . 

We notice that tti, tt 2 , 7r 4 , 7r 5 , 7r 7 , tt 8 fall in the categories ttq, tth , ttc, tth, tta, ttb 
of §3.11 and §3.21 We denote by tt^ = tc 3 , tt^ = tt 6 , 7i > = 7r 9 . The construction of 
the Hopf pseudo-Riemannian submersions ensures the existence of a pseudo-Riemannian 
submersion in each class (a)-(g) of Theorem 11.11 
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4. The geometry of the base space 



An important step of the proof of Theorem 11.11 is to establish that the base space 
is either a real space form or an special Osserman pseudo-Riemannian manifold. By 
the classification of complete, simply connected, special Osserman pseudo-Riemannian 
manifold [191 HD], we explicitly get the geometry of the base space, and then we see that 
the dimensions and the indexes of total space and of base space are those claimed in 
Theorem 11.11 First, we recall Proposition 3.8 from [3], which provides the completeness 
and the simply-connectness of the base space. 

Proposition 4.1. Let tt : M — >■ B be a pseudo-Riemannian submersion with connected 
totally geodesic fibres from a complete connected pseudo-Riemannian manifold M onto a 
pseudo-Riemannian manifold B . Then B is complete. Moreover, if M is simply connected, 
then B is also simply connected. 

4.1. The construction of a special basis B of H along a fibre. A key ingredient for 
understanding the geometry of the base and of the fibres is the construction of a special 
orthonormal basis B of H along a fibre, which we recall from First, we state the 
following lemma, which provides useful properties of O'Neill's integrability tensor for a 
constant curvature total space. 

Lemma 4.2. [3] Let n : M — >■ B be a pseudo-Riemannian submersion with connected 
totally geodesic fibres from a pseudo-Riemannian manifold M with constant curvature 
c 0. Then the following assertions are true: 

(a) If X is a horizontal vector such that g(X, X) ^ 0, then the map A x : V — > H given 
by A X (V) = A X V is injective and the map A* x : H — > V given by A* X (Y) = A X Y 
is surjective. 

(b) If X, Y are the horizontal lifts along the fibre -k^ 1 {-k{p)), p £ M, of two vectors 
X',Y' £ T n[p) B respectively, g'(X',X') ^ and (A x Y)(p) = 0, then A X Y = 
along the fibre 7r _1 (7r(p)). 

The proof of Lemma T4.2I relays on the O'Neill equations. Corollary 12.3( b) simply gives 



for every vertical vector field V, which implies (i). By Corollary 12.3( a). we get (ii). 

Let peM and let {v i p , . . . , v rp } be an orthonormal basis in V p . Let X' £ T n ^B such 
that g'(X',X') = ±1 and let X be the horizontal lift along the fibre 7r _1 (7r(p)) of X'. Let 
Yi, Y 2 , . . . , Y r be the horizontal lifts along the fibre tc~ 1 (tc(p)) of 



(4.1) 



A* X A X V 



cg(X,X)V 



1 



1 



7V*A X V 2p , • • • 



1 




cg(X,X) 



cg(X,X) 



cg(X,X) 
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respectively. For each i G {1, . . . , r} we consider the vector Vi = A x Yi defined along the 
fibre 7r _1 (7r(p)). By Corollary 12.3( a). {t>i, t> 2 , . . . , v r } is an orthonormal basis of V q at any 
q G 7i^ 1 (ir(p)) (see [3]), which can be restated as: 

Lemma 4.3. [3] In the setup of Lemma \4-S\ the fibres are parallelizable. 

Set Lq = X. For every integer a with 1 < a < n/(r + 1), let L a be a horizontal vector 
field along the fibre 7r _1 (7r(p)) such that 

(1) L a is the horizontal lift of some unit vector (i.e., g(L a ,L a ) G { — 1, 1}), and 

(2) L a is orthogonal to Lq, L±, . . . , and 

(4.2) L a (p) ekerA* Lo{p) nkerA* Li{p) n---nkerAl a _ l(p) . 

Condition f!4.2[) is nothing but to say that L a (p) is orthogonal to any vector in the system 
{L (p), A Lo vx(p), • • • , A Lo v r (p), • • • , L a -i(p), ^^^(p), • • • , Al^^p)}. Moreover, by 
Lemma l4T27 b). L a (q) belongs to ker A* Lo ^ PI kerA^^) D • • • fl ker ^42 a -i(?) ^ or ever y 1 e 
7r _1 (7r(p)). In the setup of Lemma [4.21 Proposition 12.2( c) implies that 

(4.3) B = {L , A Lo vi, ■ ■ ■ , A Lo v r , ■ ■ • , L fe _i, A^^vt, ■ ■ • , Al^^J 

is an orthonormal basis of 1-L q for any q G 7r _1 (7r(p)) [3]. It is worth pointing out that any 
element in B is basic along the fibre 7r _1 (7r(p)) by (14. 21) and Proposition 12.2( a) (see [3]). 
A such basis B is said to be a special basis. 

Counting the time-like vectors of B, we get the following proposition. 

Proposition 4.4. [3] In the setup of Lemma \4 . S\ let n = diml? ; r = dim fibre, s = 
index B, r' = index fibre. Then n = k(r + 1) for some positive integer k and s = 
qi(r' + 1) + q2{r — r') for some nonnegative integers q\, g 2 with q\ + g 2 = k. 

The next corollary will be needed later. 

Corollary 4.5. [3J If s G {0,n}, then r' — r (i.e. the metrics induced on fibres are 
negative definite). 

We now split the problem of identifying the geometry of B into two cases: (i) n = r + 1 
(i.e. k = 1), and (ii) + 1 (i.e. k > 1). 

4.2. Case n — r + 1. This case features a constant curvature base space: 

Proposition 4.6. In the setup of Theorem \l.l[ let n = dim B and r = dim fibre. Then 
n = r + 1 if and only if B has constant curvature —4. 

Proof. Let b G B, X' G T b B such that g'(X',X') = ±1 and p G ^{b). Let X G U p be 
the horizontal lift of X'. 
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Assuming n — r + 1, that's dimH p = dimV p + 1, we see that A x : V p —> X 1 - = {Y G 
Tip | g(X, F) = 0} is bijective, and thus for every Y G X 1 - we can write Y = A X V for 
some vertical vector V. By (14. ip . we get 

(4.4) g(A x Y,A x Y) = g(A x A x V, A X A X V) = g(X, X) 2 g(V,V). 
On the other hand, by Corollary 12.3( b). we have 

(4.5) g(Y,Y) = g(A x V,A x V) = —g(X,X)g(V, V). 

Combining equations fl4.4p .f l4.5p . we simply get g(A x Y, A X Y) = —g(X, X)g(Y,Y) for 
every Y G X- 1 , which implies that A X A X Z = g(X,X)Z — g(X, Z)X for any horizontal 
vector Z. Now, by Corollary 12.3( a). we obtain 

(4.6) R'(X,Y,X,Y) = -g(X,X)g(Y,Y)+g(X,Y) 2 + 3g(A x YA x Y) 

= -A(g(X,X)g(Y,Y)-g(X,Y) 2 ), 

which means that B has constant curvature —4. 

Conversely, if B has constant curvature —4, then, by (14. 6ft . we get g(A x Y, A X Y) = 
—g(X,X)g(Y,Y) for every Y G X L , which implies A X A X Y = g(X,X)Y for every Y G 
X- 1 . Therefore, by (14. ip . A x : V — >■ X 1 - is bijective with its inverse given by (A X )^ 1 (Y) = 
(1/ (g(X, X)))A X Y , for Y G X L . In consequence, n — 1 — dimX 1 - = dimV = r. □ 

Theorem 4.7. In the setup of Theorem let n = dim B, s = index B and r = 
dim fibre. If n = r + 1 and < s < n, then 7r falls in one of the following cases: 

(a) n:H'f^ #i(-4) = AH 1 , 

(b) 7T : Hi -»■ # 2 4 (-4) = Bif 1 , 

(c) 7r:# 7 15 -+#f(-4). 

Proof. First, we recall that 5 has constant curvature —4 by Proposition 14.61 Let X, 
Y G Hp such that <?(X, X) = 1 and g(Y, Y) = —1. We denote r' = index fibre. Let 

= {X, A x vi, ■ ■ ■ , A x v r }, B' = {Y, A Y v[, • • • , A Y v' r } be two special basis of H p . The 
index of B, the number of time- like vectors, is r — r', while the index of B' is r' + 1. 
Therefore r = 2r' + 1, s = r' + 1, and n = 2(r' + 1). The pseudo-Riemannian submersion 
vr is of the form vr : H^+l -> 5 r 2 ,^+ 2 . 

By a theorem due to Reckziegel [39] , the horizontal distribution H. of a pseudo-Riemannian 
submersion with totally geodesic fibres is an Ehresmann connection, and thus, by [12], 7r 
is a locally trivial fibration, which always comes with a long exact homotopy sequence 

(4.7) .-.-). 7T 2 (5) 7n(/i6re) 7n(F^+ 3 ) n^B) 7r (/26re) ■ • • . 
Now, we proceed in two cases: (i) r' — and (ii) r' > 1. 

Case r' = 0. Since the fibres are connected, totally geodesic, one-dimensional sub- 
manifolds (when r' = 0), any fibre is the image of a time-like geodesic in if^r'+i- Thus 
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the fibres are diffeomorphic to the real line and TTi(fibre) = 0. The long exact homo- 
topy sequence (14. 7B gives 1X\{B) = iii(Hf) = Z. Because B is of constant curvature —4, 
and, by Proposition I4.1[ is also complete, it simply follows that B is isometric to the 
pseudo- hyperbolic space H\ (— 4), and that corresponds to (a). 

Case r' > 1. By the long exact homotopy sequence (14.7j) . and by tt^H^.,^) = 
tci(S 2v ' +1 ) = 0, we get n%(B) = 0. B is additionally complete and of constant curva- 
ture —4. Therefore B must be isometric to if 2 , r + "} 2 (— 4). The case r' = 1 corresponds to 
(b). 

We shall now assume that r' > 2. Since, for r' > 2, tt 2 (B) = 7r 2 (if 2 +j 2 : (-4)) = 
7r 2 (5 r ' +1 x = and tt^H^) = TT 1 {S 2r ' +1 x M 2r '+ 2 ) = 0, the long exact homotopy 

sequence (14. 7p gives 7Ti( fibre) = 0. On the other hand, since the fibres are totally geodesic 
m H^+l, the fibres are complete and of curvature —1. Therefore the fibres must be 
isometric to H 2 J~ +1 . By Lemma [4.31 the fibres are also parallelizable, which restricts the 
choices of r' > 2 to r' G {3, 7}. The value r' = 3 corresponds to the cases (c). 

We now show that the case r' = 7 is not possible, namely we prove that there is 
no pseudo- Riemannian submersion tt : Hf§ — > Hg 6 (— 4) with connected totally geo- 
desic fibres. By [HE], the linear map U : V p — > B.om('H p ,'H p ) given by U(V)(X) = 
A X V extends to a Clifford representation U : Cl(V p , — g) — > H.om(7-L p , T-L p ), namely 
U{v)U{w) + U{w)U{y) = 2g(v,w)ld for every v,w G V p , because of Corollary 12.3( b). 
This makes the sixteen-dimensional space H p an C/(V p )-module, which, as usual, decom- 
poses into irreducible C7(V p )-modules. On the other hand, the signature of the inner 
product — g(v,w) = —g{v,w) of V p is (7,8), and from the Classification Table of the 
Clifford algebras [HJ p. 29], we see that Cl{V p , -g) = Cl im = E(128) © R(128). In 
consequence, any irreducible CZ(V p )-module is of dimension 128, and thus the dimension 
of H p is too small to allow a nontrivial Clifford representation U : Cl(V p ) —> Rom(H p , H p ) 
as above. □ 

The case s = corresponds to a Riemannian base space which was completely classified 
in [1], while the case s = n is of a Riemannian submersion from spheres (classified in 
[T4"| [38] ) whom we applied a change of signs of the metrics of the total and of the base 
spaces. By Corollary 14. 5 \ the metrics induced on fibres are negative definite if s G {0,n}. 

Theorem 4.8. [U [TU EE] In the setup of Theorem M.li let n = diml? ; s = index B and 
r = dim fibre. We assume n — r+1. Then the following assertions are true: 

(i) If s = 0, then tt is one of the following: 

(a) 7T : Hi H 2 {-A), (b) ix : H 7 3 ->■ H\-A), (c) tt : Hj 5 — )■ if 8 (— 4). 
(ii) If s = n, then tt is one of the following: 

(a') tt-.H!^ Hl{-A), (b>) n:H^ H&-4), (c') vr : H% -> i/ 8 8 (-4). 

4.3. Case n^r + 1. We show that B is a complete simply connected special Osserman 
pseudo- Riemannian manifold. 
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4.3.1. Special Osserman manifolds. Following [19] , we recall the definitions of a Jacobi 
operator and of a special Osserman pseudo-Riemannian manifold. 

Definition 4.9. Let {B,g') be a pseudo-Riemannian manifold and let R' be the Rie- 
mann curvature tensor of (B,g'). For x G T^B, we consider the linear map R'(-,x)x : 
Tf,B — > TbB. Since g'(R'(z,x)x,x) = 0, we have Im(i?'(-, x)x) C x , where a; -1 = {y G 
TfeS | g'(y,x) = 0}. For x G Sb-B = {x G T^i? | g'(x,x) = ±1}, the restriction 
R' x : x 1 - — >• or 1 of R'(-,x)x to x 1 - is called the Jacobi operator with respect to x, that's 
R' x (z) = R'(z,x)x for z G x^. 

Definition 4.10. A pseudo-Riemannian manifold {B,g') is called special Ossermanii the 
following two conditions are satisfied at each b G B: 

(I) For every x G S&.B the Jacobi operator R' x : x -1 — > x 1 - is diagonalizable with 

exactly two distinct eigenvalues e x \ and e x fi, where e x = g'(x, x) and A, \i G M. 
(II) Let E\{x) = span{x} © ker(i?^, — e x \Id). For each x G S^B, if z G E\(x) fl Sb-B, 
then E\(x) = E\(z), and moreover if y G 5&.B fl ker(i?^. — e x fild), then x G 
ker(i?^ — Eyfild). 

The values A and fi involved in the previous definition are not interchangeable, for 
example if {B,g', J) is the complex or the para-complex pseudo-hyperbolic space of real 
dimension In > 2, then a = A/4 and ker(i?^. — e x XId) = span{Jx} is one-dimensional, 
while ker(R' x — e x fiId) = {x, Jx} 1 - = {z \ g'(z,x) = g'(z, Jx) = 0} is {2n — 2)-dimensional. 

4.3.2. The base space is Special Osserman. For a pseudo-Riemannian submersion 7r : 
(M, g) — > (B, g'), we denote by R' x , the Jacobi operator of (B, g') with respect to a vector 
X' G TbB and for X, Y G H p we also denote by R' X Y the horizontal lift of R' w ^(tt^Y) 
and we consider R' x as an operator R' x : X -1 — > X 1 , with X -1 = {Y G "H p | g(Y, X) = 0}. 

Theorem 4.11. In the setup of Theorem li.il let n = dimS, and r = dim fibre. If 
fi/r + 1, then B is special Osserman. 

Proof. Let be B, X' G S^B, G T b _B and p G 7T -1 (&). Let X,Z eH p be the horizontal 
lifts of X' and Z' respectively. By Corollary 12.3( a). i?^- is given by 

(4.8) R' X (Z) = R'(Z, X)X = R(Z, X)X - 3A X A X Z = R X Z - 3A X A X Z 

Let {vi,V2,--- ,v r } be an orthonormal basis in V p , that's g(vi,Vj) = EiSij with Si G 
{-1,1}. Let 

B = {L , A Lo v u ■ • • , A Lo v r , • ■ ■ , L fc _i, Al^^i, • ■ ■ , A Lk l v r } 

be a special basis of H p , that's an orthonormal basis B with L = X and A^ a L^ = for 
every a, /3 G {0, • • ■ , k — 1}. We show that i?^ : X- 1 — > X 1 - is diagonalizable with respect 
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to B and R' x has exactly two eigenvalues. By (14. 8[) and ( 14. ip . we have 

(4.9) R' x (A xVi ) = R x (A xVi ) - 3A x A x A xVi 

= -g(X, X)A xVi - 3g(X, X)A xVi = -Ae x A x v h 

which gives R l x ,{'K if {A x v j )) = 7r*(R' x (A x Vi)) = —Ae x i7r*(A x Vi). Since 

= g(A x v j ,A La v i ) = -g(v j ,A x A Lct v i ) 
for every i, j and every a > 1, we get A x A^ a Vi = 0, which implies that 

(4.10) R' x (A La Vi) = R x {A LaVi ) - 3A x A x A LaVi = -g{X,X)A La v i = -e x A LaVi . 

Projecting (14. lOf) to the base space, we have R' x ,(ir*(Ai, a Vi)) = —s X r7r*(Ai a Vi). Since 
A x L a = by construction, we see that 

(4.11) R' X (L Q ) = R x (L a ) - 3A x A x L a = -g(X,X)L a = -s x L a 

for every a > 1 and every i. Therefore R x ,{n*(L a )) = — £x /7r *(-^a)- Summarizing, the 
Jacobi operator R' x , is diagonalizable with the eigenvalues — Ae x > and — e x > , and moreover 
their eigenspaces are: 

(4.12) ker(i4, + 4e X /Id) = {k*{A x vi), ■ ■ ■ , it*{A x v r )} and, 

(4.13) ker(i?^, + £ X >ld) = {7r*(Ia), ir^A^Vi), ■ ■ ■ , 7r*{A Ll v r ), ■ ■ ■ , 

7r*(£ fc _i), 7r*(A ifc _ x -ui), ■ ■ • , Ti-^Ai^Vr)}. 

Now, we check that Condition (II) of Definition 14.101 holds. 

Lemma 4.12. IfY' e E^(X'), g'(X',X') = ±1 andg'(Y',Y') = ±1, then X' e E_ 4 (Y'). 
Proof of Lemma \4A^ By (Q2l) . 

E_±{X') = span{X'} © ker(R' x , + 4e x Jd) = span{7r*X, tt^AjcVx), • • • , ir*(A x v r )}, 
and, thus, the horizontal lift Y of Y' satisfies 

(4.14) Y = aX + A x U 
for some a G IR and some vertical vector U. By ( I4.14p . 

(4.15) g(A x U,A x U) = g(Y,Y) - a 2 g(X,X). 

To prove X' e E_ 4 (Y'), it is sufficient to show that X can be written as 

(4.16) X = bY + A Y W 

for some b G IR and some vertical vector W. Applying Ay to (I4.16p . we get AyX = 
bA Y Y + A Y A Y W = g(Y,Y)W, which gives W = -A x Y/(g(Y, Y)). Similarly, applying 
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A x to flUHD, we obtain A X Y = A X A X U = g(X, X)U . Substituting F and W into (Q51> . 
we obtain an equation in b G K 

(4.17) X = 6(aX + Axil) — — — - — rA a x+A x t/^> which is equivalent to 

9{Y, Y) 

(4.18) X = ta X-^^+(&-^W, 
By Corollary Qb), 

(4.19) A z t/) = -o(X, Z) 5 (t/, tO 

for every horizontal vectors X, Z and for every vertical vector U. Since A is skew- 
symmetric with respect to g and alternating, we have g(A x U, A Z U) = —g(A z A x U, U) = 
g(A AxU Z, U) = -g(Z, A AxU U), which by KW\ . implies that A AxU U = g(U, U)X. Then 

gpQjQ g(X,X)g(U,U) ^ v g(A x U,A x U) ^ v 

baX ~W^) ^ = { WX) )X = {ba+ g(Y, Y) )X 

" {ba + WX) )x - x - a{b -^YT )x ' 

by (14.151) . Therefore (14.181) has the unique solution b = ^yy) • ^ 

Lemma 4.13. If Y' G ker(i?^, + e^/Id), g'(X',X') = ±1 and g'(F', Y') = ±1, then 
X' G kex{R' Y , + eyld) 

Proof of Lemma 4-13 . Let X and F be the horizontal lifts of X' and V. The Jacobi 
operator R' x , satisfies 

(4.20) R' X ,(Y') = n*(Rx{Y) - 3A X A X Y) = -g\X\X')Y' - 3^(A X A X Y) 

for any Y' G X /J -. Therefore Y' G ker(i?^, + e X '\6) if and only if A X A X Y = 0. Since, by 
Lemma [4.2( a). A x : V — > % is injective, A^F = 0, hence v4yX = 0, which implies that 
R' Y ,{X') = n*(-3A Y A Y X + R Y {X)) = -g'{Y', Y')X' = -e Y ,X' . □ 

These conclude that B is a special Osserman pseudo-Riemannian manifolds. □ 

In the next theorem, we identify the geometry of the base space and we find the di- 
mension and the index of the total space in terms of the geometry of the base space. 

Theorem 4.14. Let n : H™*£, — > B™ be a pseudo-Riemannian under the assumptions of 
Theorem + 1 then tt falls in one of the following cases: 

(a) HS+ 1 CiJ™ (b) H 2 ™ +1 &H m , 

(c) Ht? + f HflT, (d) -> Bi? ™, 

(e) iff OiJ 2 , (/) F 2 f OiJ 2 , (a) Hi Old 2 , (A) O'P 2 , 
/or < i < m and m > 2, and for some 8 < q < 15. 
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Proof. We first prove that B is simply connected. When s + r' > 1, is simply 

connected and thus, by Proposition 14.11 B is also simply connected. If s + r' — 1, then 
either (i) s = and r' = 1, or (n) s = 1 and r' = 0. 

In the case (i) s — and r' = 1, the base space is Riemannian, which, by [32] . it must 
be isometric to CH m , and thus 5 is simply connected. 

In the case (ii) s = 1 and r' = 0, B is Lorentzian Osserman at the point p, which 
by |19j . it must be of constant curvature at the point p. But on the other hand, B has 
constant curvature if and only if n = r + 1. This contradicts our working assumption 
+ These conclude that B is simply connected. 

By the classification theorem of simply connected, complete special Osserman pseudo- 
Riemannian manifolds [10J [19] , B is isometric to one of the following: 

(a) a definite or indefinite complex space form of signature (2m — 2s, 2s), < s < m, 

(b) a definite or indefinite quaternionic space form of signature (4m — 4s, 4s), < s < 
m, 

complex space form of signature (m,m), 

(d) a para-quaternionic space form of signature (2m, 2m), or 

(e) a Cayley plane of octonions with definite or indefinite metric, or a Cayley plane 
of para-octonions with indefinite metric of signature (8,8). 

Any non-flat complete, simply connected para-complex space form is isometric to the 
symmetric space SL(m + l,R)/SX(m,R) x R = AP m pH EED, EE], and any non-flat 
complete, simply connected para-quaternionic space form is isometric to the symmetric 
space Sp(m + l,R)/Sp(l,R) x Sp(m,R) =MP m [HS [El [20] . 

By the Proof of Theorem 14.111 the values A and fi of Definition 14.101 are negative, 
namely A = —4 and fi = — 1. Then B must be isometric to one of the following spaces: 

(4.21) C# t m , H# t m , AP m , MP m , OH 2 , OH 2 , Otf 2 2 , or O'P 2 , 

with m > 2 and < t < m. By (14.121) . we simply have dimker(i?^, + 4ex'Id) = r = 
dim fibre, and in particular: 

(a) If B G {CHp, AP m }, then ker(i^ ; + 4e x ,Id) = span{/X'}, where / is a complex 
or para-complex structure. Thus r = 1 and n + r = 2m + 1. 

(b) If B e {H^ m ,BP m }, then ker(i^, + 4e x Jd) = span{JX', JX', JsTX'}, with 
{/, J, X} a local quaternionic or para-quaternionic structure. Therefore r = 3 
and n + r = 4m + 3. 

(c) If B e {OH 2 ,O'P 2 } <i< 2 , then dimker(i^, + 4e X 'Id) = 7. Thus r = 7 and 
n + r = 23. 



Now, we find the index of the total space for each choice of B in (14.211) . 
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Case 1: B isotropic. If B is isotropic, which, in list (I4.2ip corresponds to B G 
{C^,HfZJ B J Ofr?} <t<m,o<i<2, then 

(4.22) R'(X', Y> , X', r) < -(s(X', X')^(r , Y>) - g(X>, Y'f) 

for any X', Y' vectors on B. Let {^i}iefi,...,r} be an orthonormal basis of V p , let X be the 
horizontal lift of a non-null vector X' G T n ^B. Taking Y 7 = ir*(AxV j), inequality ( I4.22p 
becomes 

(4.23) R'(jt*Xj 7T* ( Ajf Wj) , 7T*X, 7T* (y4jf ^i) ) < -#(X,X)#(A X ^,A X ^). 
On the other hand by Corollary 12.3( a) and by (14. ip , 

R'(ir*X,Tr*(A x Vi),ir*X,ir*(AxVi)) = -Ag(X,X)g{A x v i ,A x v i ). 

Now, (14.231) implies < 3g(X, X)g(AxVi, A x Vi) = —g(X,Xfg(vi,Vi) for any i. Thus, 
the fibres are negative definite. Therefore, when B is isotropic, it should be in one of (a), 
(c), (e)-(g) of Theorem |4H 

Case 2: B — AP m . Since B = AP m is a para-quaternionic space form of para- 
holomorphic curvature A = —4, 

(4.24) R'(X', Y> , X', Y') > -(g(X', X')g(Y', Y') - g(X', Y'f) 

By a similar argument to Case 1, specializing (14. 241) for a non-null vector X' and tc^(AxVi) 
we get > 3g(X, X)g(A x vi, A x vi) = —g(X,Xfg(vi,Vi) and thus the fibres are positive 
definite and 7r falls in (b). 

Case 3: B = MP m . We shall show that the fibres have signature (2,1). Note that 
(MP m ,g') has a natural para-quaternionic Kahler structure and its curvature tensor sat- 
isfies the relation 

(4.25) R'(X',Y',X',Y') = -(</(*', X')g> (Y', Y') - g'(X', Y'f 

-Zg'i^X', Y'f - 3g'(J 2 X', Y'f + 3g'(J 3 X', Y'f), 

where { J\, J 2 , J 3 } is a local para-quaternionic structure, a triple of (1, l)-tensors satisfying 
Jx J 2 = -J 2 Jt = J 3 , J? = eM, g'(JiX', Y') + g'(X>, J t Y') = and e l = e 2 = -e 3 = 1. 
Obviously, for any X', Y' such that g'(J 3 X', Y') = we have 

(4.26) R'(X',Y',X',Y') > -(</(*', X')g'(Y', Y') - g'(X>, Y'f ). 

Let X' G T b MH m such that g'(X',X') = ±1 and let X be its horizontal lift at p G 
ir-^b). Let J 3 X G H p be the horizontal lift of J 3 X'. By (OB) . R'(X', J 3 X',X', J 3 X') = 
-4g'(X' } X')g'(J 3 X', J 3 X'), and thus 

g(A x J 3 X,A x J 3 X) = -g(X,X)g(J 3 X,J 3 X) = -g(X,Xf = -1, 

by Corollary 12.3( a). Let {vi,v 2 , v 3 } be an orthonormal basis of V p such that v 3 = A X J 3 X. 
We simply note that g{v 3) v 3 ) = —1. For i G {1,2}, taking Y' = ir*(AxVi) in (14.261) . we 
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get 

(4.27) lUiX'^iAxVilX'^AxVi)) > -g'(X',X')g'(7T if (A x v i ),7^Axv l )) 

On the other hand, R'(X, A x v i} X, A x Vi) = -Ag(X, X)g(A x v i} A x Vi). Thus, (14271) be- 
comes > 3g(X, X)g(A x Vi, AxVi) = —3g(X,X) 2 g(vi,Vi), for i G {1,2}. Therefore 
g{vi,Vi) > for i e {1,2}. □ 

To see that the cases (e)-(h) of Theorem 14. 141 never occur, we first recall the notion of 
Clifford structure. 

4.3.3. Clifford structures. We adjust the definition of Clifford structure introduced by 
Gilkey [22] and Gilkey, Swann, Vanhecke [21] to pseudo-Riemannian geometry. 

Definition 4.15. Let {B,g') be a pseudo-Riemannian manifold and let R' be its curva- 
ture tensor. (B,g') has a Cliff (u) -structure if at every point b there exist (l,l)-tensors 
Ji, J 2 , • • • , J„ such that 

1 - 

(4.28) R'(x,y)z = \ {g'{y, z)x - g'{x,z)y) + - Ve s (A s - X )(g'(J s y, z)J s x 

6 8=1 

-g'(J s x, z)J s y - 2g'(J s x, y)J s z), 

for any x,y,z E T^B, where Ao, Ai, • • • , X u : B —¥ K, X s (b) ^ Ao(fc) for s > 1, and 
g'(J s x,y) = -g'(x, J s y) and J s J t + J t J s = -2e s 5 s jld, with e s = ±1. 

The Jacobi operator at the point b of a manifold with a Cliff (u) -structure is given by: 

(4.29) R' y (x) = X g'(y, y)x + e s (X s - Ao)^'^, J s y)J s y, 

8=1 

for any x E y L . Moreover, 

(4.30) R' y (J s y) = X s g'(y, y)J s y for any s e {1, • - • , ^} and 

(4.31) = Ao^(y, 2/)a; for any x e {j/, J x y, ■ ■ • , irZ/}" 1 , 

thus, a pseudo-Riemannian manifold with a Cliff {y) -structure is pointwise Osserman [23] . 

In Riemannian setup, Clifford structures turned out to be a very valuable tool for 
the Osserman Conjecture. In |21j, Gilkey, Swann and Vanhecke suggested a two step 
approach: (i) show that the pointwise Osserman condition implies the existence of a 
Clifford structure with (14.301) . (14.31 j) . and (ii) find the manifolds having the curvature 
tensors of (i). Using this approach, Nikolayevsky proved the Osserman conjecture in 
dimension n ^ 16, see [HUGE]. In dimension n=16, the Cayley planes OH 2 , OP 2 do not 
admit Clifford structures [35l p. 510] and the Osserman Conjecture remains open. 

Since the curvature tensor formulae of the Cayley planes of octonions or of para- 
octonions are similar to that of OP 2 , in particular the eigenspace of the Jacobi operator 
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for A = —4 satisfies 

f {(c, As(ba)c) |Re(ca) = 0), if \a\ V 0, 
(4,2) M^, + 4 £M Id)^ };^V4'|R.U = 0}, iflJvo, 

for any (a, 6) G S&.B (see [28]), one can easily see, by analogy to [351 P- 510], that 
OH%,OHf,OH 2 , O'P 2 do not admit Cliff(7)-structures. To exclude (e)-(h) of Theorem 
14.141 it is now sufficient to establish the following theorem. 

Theorem 4.16. Let it : M — )■ B be a pseudo-Riemannian submersion with connected 
totally geodesic fibres. If M has constant curvature c ^ and if r = dim fibre, then B 
has a Cliff (r)- structure. 

Proof. Without loosing the generality, we may assume c = ±1. Let p G M and b = 
n{p) G B. Let {v±,--- ,v r } be an orthonormal basis of V p . For any 1 < s < r, let 
e s = cg(v s ,v s ) G { — 1,1} and let J S (X') = 7r*(AxV s ) where X G T p M is the horizontal 
lift of X' G TbB. For any vertical vector v G V p , we define the linear map A" : 7-L p — > T-i p 
given by A v (x) = A x v for x G Hp. Since M has constant curvature c, by Ranjan's paper 
[38], we have 



(4.33) A V A W + A W A V = -2cg{v, w)Id, 

for any v,w vertical vectors. Thus J s J t + JtJ s = —2cg(v s , v t )Id = — 2e s 5 Stt ld. Also, by 
Ranjan's paper [38] , we have g(A v X, Y) = —g(X, A V Y) for any X, Y G Hp, which simply 
implies g'{J s X', Y') = -g'(X', J S Y') for every X', Y' G T b B and every 1 < s < r. 

Now, we show that the Jacobi operator of B satisfies (14.291) . Let X',Y' G T^B with 
g '(Y', Y') = ±1, and g(X', Y') = 0. Let X, Y be the horizontal lifts of X' and Y'. Let 

B = {L , A Lo vi, • • • , A Lo v r , • ■ ■ , L fc _i, A Lh _ x v\, • ■ ■ , A_ Lfc _ 1 w r } 

be a special basis of H, v such that Lq = Y. We recall that B is orthonormal and that 
A La L/3 = for every a, j5 G {0, • • • , k — 1}, by construction. X can be written as 

(4.34) X = 9(X,Y)Y + J2 g n ,L T a \ L a 

^ g{L a ,L a ) 

| g(X,A Y Vi) ^ ^ ^(X,A Lq ^) ^ ^ 

t cg(Y,Y)g(vi,Vi) Yt ^ cg(L a ,L a )g(vi,Vi) La 

Since B is orthonormal, AyA^ a Vi = by Proof of Theorem 14.111 Applying Ay Ay to 
fQ4j) . we get 

A y A y X = ^ r Ay^yM = -cY.^giX.Ayv^Ayv, = ^cg(X , J,Y) J,Y 

. cg{Y, Y )g{Vi, Vi) . . 

Then, 

(4.35) R' Y ,(X') = tt*(R y X - 3A Y A Y X) = cg'(Y',Y')X' + 3c ^e ig \X', JiY')JiY' '. 
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Polarizing (I4.35p . we get 

B!(X',Y')Z' = c{g'{Y',Z')X' - g'{X',Z')Y') 

r 

+cJ2^(9'(JiY', Z')JiX' - g'iJiX', Z')J t Y' - 2g'{J i X', Y'^Z'). 

□ 

Corollary 4.17. There are no pseudo-Riemannian submersions ir : H 23 — > B with con- 
nected totally geodesic fibres from a 23- dimensional pseudo-hyperbolic space H 23 onto any 
of the Cayley pseudo -hyperbolic planes of octonions Oiff , OHf, OH 2 , or onto the Cayley 
projective plane of para- octonions O'P 2 . 

Remark 4.18. Ranjan [38] proved there are no Riemannian submersions it : S 23 — > OP 2 
with connected totally geodesic fibres (that's (g) of Theorem 14.141) . For a topological 
proof of this fact we refer the reader to [4T| . 

5. The Theorem of Uniqueness 
To prove Theorem 11.11 we need the following Theorem of Uniqueness. 

Theorem 5.1. Let 7ri,7T2 : ii" — )■ B be two pseudo-Riemannian submersions with con- 
nected totally geodesic fibres from a pseudo-hyperbolic space onto a pseudo-Riemannian 
manifold. Then there exists an isometry f : Hj 1 — > if" such that TT2°f = 7Ti. In particular, 
tti and 7T2 are equivalent. 

Proof. The main idea of the proof is to naturally associate a special basis B 2 (of 7r 2 - 
horizontal vectors) to an arbitrary special basis B l (of 7Ti-horizontal vectors) so that their 
projections to the base space are equal each others. Then we see that the unique isometry 
sending B 1 into B 2 preserves the integrability tensors everywhere and sends fibres into 
fibres. 

Let p,q e iff such that vri(p) = vr 2 (g). For simplicity of notation, we set b = it\{p) = 
7r 2 (g). We denote by V 1 and V 2 the vertical distributions of tti and 7r 2 , and by "H 1 and 
% 2 the horizonal distributions of 7Ti and 7r 2 , respectively. 

Let {v i p , • ■ ■ , v rp } be an orthonormal basis of and let X' 6 T^B such that g'(X', X 1 ) = 
±1. We denote by X 1 and X 2 the 7Ti- and 7r 2 -horizontal lifts of X' along the fibres 
Fb = *i\b), and F 2 = n^{b), respectively. Let (Y,\ Y 2 \..., Y^) and (Y 2 , Y 2 , . . . , Y 2 ) 
be the 7Ti- and 7r 2 -horizontal lifts of 

(-g(X\Xif uAxlVlp > -g(X\Xi) nuAxlV2p > " " " ' -g(X\ X*j • 

along and F 2 , respectively. For each i G {l,...,r}, we consider the vectors V{ = 
A l x iYi, defined along F£, and Wi = A 2 x2 Y 2 along F b 2 . By §U {v\, ■ ■ ■ , v r } is a global 
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orthonormal basis of vector fields on F£, and so is {wi, ■ ■ ■ ,w r }. Indeed, by Corollary 
12.3( a). we see that 

g{w h w 3 ) = g{A%>Y?,A%>Y?) 

= (l/3)(i?'(7r 2 ,X 2 , TT2.Y?, vr 2 *X 2 , tt 2 *Y/) - g{X\ X 2 )g(Y 2 } Y 2 ) + g(X 2 , Y 2 ) 2 ) 

= (l/3)(R'(n u X l , m*Yl, tt u X\ 7t 1+ F/) - g(X\ X l )g(Y\ Y l ) + g(X\ Y 1 ) 2 ) 

= g(A l xX Yl, A l xl Y^) = g( Vi , Vj ) = e&j 

along F 2 . Let B 1 = {Lj, A^vi, • • • , A l Ll v r , • • • , L\_ 1: A l Ll v±, ■ • • , A x Ll v r } be a special 
basis of V} along F^ such that L\ = X 1 (and A^Lp = 0). Let £?,•-• ,L\_ X be the 
^-horizontal lifts of ttuL\, ■ • • , n u Ll_ 1 along F 2 . We take L\ = X 2 . Let 

B 2 = {Lq, A 2 2Wi, • • • , A 2 L2 w r , ■■■ , L 2 _ 1; ^2^1, • • • , A 2 L 2_w r }. 

Lemma 5.2. (%) A 2 x2 Wi is basic along F 2 and iT\*A xl Vi = Tr 2 * A x2 Wi, for every i. 
(ii) A^L^ = and A\ 2 L 2 ^ = for every a and (3. 

(Hi) B 2 is a special basis ofH 2 along F? and iruAltVi = n 2 *A 2 T2 Wi, for every % and a. 

Oi Ot 

Proof. Let Z' G T^B and let Z 1 and Z 2 be the 7Ti- and 7r 2 -horizontal lifts of Z 1 along F^ 
and F 2 , respectively. By Corollary 12.3( a). we get 

g(A 2 x2Wl ,Z 2 ) = -g(A 2 x2 Y 2 ,A 2 x2 Z 2 ) = (l/3)(it>(X 2 , Y 2 , X 2 , Z 2 ) - R\X 2 , Y 2 , X 2 , Z 2 )) 
= (l/3)(i?(X\ Y t \X\ Z 1 ) - R'{X\ Yl, X\ Z 1 )) = -g(A xl Yl, A X1 Z 2 ) 
= giA^Z 1 ), 

which simply implies (i). By (i), we see that 

(5.1) g(A x2 L 2 a ,Wi) = -g(L 2 a ,A x2 Wi) = -g\n 2 *L 2 a ,Tc 2 *A 2 x2 Wi) 

= -g'fruLl,, n u A xl Vi) = g(A 1 x iL 1 a , v t ) = 0, 

for every % and a. Thus A 2 x2 L 2 a = 0. Therefore, by Proposition 12.2( a). we obtain that 

2g{A 2 Ll L% wt) = 2g{A 2 Ll L% A\ 2 Y 2 ) = R'(L 2 a , L% X 2 , Y 2 ) 

-R(L 2 a , L 2 , X 2 , Y 2 ) + ,(^X 2 , A\ 2 Y 2 ) - g(A 2 L2 X 2 , A 2 l2 Y 2 ) 

= R'(Ll L\, X\ YD - R(Ll L\, X\ Y?) = ^A^L^ v t ) = 0, 

for every i. Thus A 2 L2 L 2 ^ = and hence B 2 is a special basis of H 2 . 

By Proposition 12.2( c). A\ 2 Wi is basic along F 2 (for details see [31 Lemma 3.4]) and by 
a argument similar to El Lemma 3.4] one can see that Tt u A l Tl Vi = 7T 2)f A 2 r2 Wi. □ 

a ol 

Since B l and B 2 are special bases, they are orthonormal, by £jH Let F : TpHj 1 — > T q Hf 
be the linear isometry given by FOuA = Wi, F(A 1 J1 v i ) = A 2 r2 Wi, F(L l ) = L 2 for any 

a a 

1 < i < r, < a < k — 1. Since if" is a frame-homogeneous space, there exists an 
isometry / : Hf — > Hf such that f(p) = q and f vp = F [371 146] . It remains to prove that 

7T 2 o / = TTi. 
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We say that the condition (*) is satisfied at x G Hf if 
(*) 7r 2 (/(a0) = f*Ml) = n 2 f(x) , fMlF) = A% E f.F for any E, F G T^flf. 

We will proceed in four steps. 

Step 1. (*) holds at p. 

Step 2. (*) holds at every z G F£. 

Step 3. If 7 : [0, 1] — > Hf is a ix\— horizontal geodesic with 7(0) G F;, 1 , then (*) holds at 

any point j(t), where t G [0, 1]. 
Step 4. 7r 2 (/(x)) = 7Ti(a;) for any x G F". 

Proof of Step 1. From the definition of F, we simply have n 2 (f(p)) = 7i"i(p) and 

(5.2) /*p(^p) = ^/(p)- 

We recall that the vectors of are basic along F;, 1 . Since 

(5-3) A\i .A^iVj = g(L] x ,Lp)'Vl.Vj 

L a P 

along F^ (see [5]) and since A 1 is alternating, we see that Vj.Vj = (1/2) [1^,1^]. Sim- 
ilar relations hold for tc 2 , and, at p, we simply have Vj] = [f*Vi,f*Vj] = [wi,Wj]. 
Therefore, 

(5-4) fM\\^v,) = Al^^UA 1 ^) 

By definition of / and flOjl . we get /* P (A^F) = A 2 tpE f* p F for any E,F £ T p Hf. 
Proof of Step 2. The following lemma [37| p. 105] shall be needed right away. 

Lemma 5.3. Let N±,N 2 be two complete, connected, totally geodesic pseudo-Riemannian 
submanifolds of a pseudo-Riemannian manifold M. If p G Nx C\ N 2 and T p Ni = T p N 2 , 
then N x = N 2 . 

Since f(F^), F 2 are totally geodesic in a complete manifold, they are complete. By the 
definition of /, f{p) = q, f{p) G /(F, 1 ) n F 2 . By Q, T /(p) (.f (F, 1 )) = T /(p) F 2 , which, by 
Lemma [5. 3 \ implies that f{F£) = F 2 . It follows that (tt o f)(z) = tt 2 (z) for every z G F^ 1 
and that T m f{Ffi = T f(z) F 2 for every z G F, 1 . Hence f* z {Ul) = U) (z) for every z G F, 1 . 
Since /* p = {ix^q^)^ 1 o (7Ti* p |^i) and since every vectors of B 1 and B 2 are basic along F fe x 
and F 2 , respectively, /^(A^F) = A\ sE f* z F for every F, F G F 2 F" and every 2 G F^ 1 . 

Proof of Step 3. Let 7 : [0, 1] — > B be a geodesic in B starting from b = 7(0). Let 
c = 7(1). For any z G F^, w G F 2 we denote by 7* : [0, 1] ->■ Ff and 7 2 : [0, 1] -)■ Ff the 
7Ti- and 7T 2 -horizontal lifts of 7 starting from z = 7^(0) and from w = 7^(0), respectively. 
Note that the existence of the horizontal lifts is ensured by the Ehresmann-completeness 
of ft. Let 

r 7 : ~* Fci T 7 : F 2 — > F 2 be the holonomy diffeomeorphisms of 7, given 
by t^(z) = 7^(1) and t 2 (w) = 7 2 (1) (see [27J E]). A nice fact to point out is that and 
t 2 are isometries since the fibres are totally geodesic [291 EJ- Now, we shall prove that 
/ tJ(z) = r 7 /(*) for an y z e Fj, 1 . 
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The geodesic / o 7* is 7r 2 -horizontal if its initial velocity does (see [H EH]). Indeed 
(5-5) ^(/°7i)U = G = «?w 

Thus 7^/ a — f jl for any z & F^, which can be reinterpreted as / o r^(z) = o /(z). 
Therefore /(i^ 1 ) = F c 2 , hence f* z (Hl) = %/( z ) an< ^ ^2 f( z ) = tti(z) fo r any z G F*. 

We now check that / preserves the O'Neill integrability tensors. Let X'(t), Y((t), 
■ ■ ■ , Y^(t), L[(t), ■ ■ ■ , L' k _ x (£) be the parallel transports along 7 of ^Jf 1 , Tr^Y/, • ■ ■ , 
ir u Y r \ iruLh ■■■ , ^L\_ x . Let (X\t), ■ ■ ■ Xtt), L\(t), ■ ■ ■ , and (X\t), 

Y±(t), ■ ■ ■ , Y?(t), L\ (t), ■ ■ ■ , be the 7Ti- and 7r 2 -horizontal lifts of 

(x'(t),Y;(t),---X(t),L' l (t),...,L' k _ l (t)) 

along F^ t) and F 2 (t) , respectively Set v^t) = A x ^ t) Yl(t) and Wi(t) = A 2 x2{t) Y?(t). Fixing 
z £ F^, we simply denote 7 1 =7^. Now, we establish the following technical lemma. 

Lemma 5.4. (i) v 1 ('VA / i^A xl ^Y i 1 (t)) = and v 1 (V^ / i(t)A 1 Ll , t -,Lp(t)) = 0, for any i, a, (3. 
(ii) {vi(t), ■ ■ ■ , v r (t)} is an orthonormal basis of vector fields on the fibre F\ t y 
(in) h^V^Al^Viit)) = 0. 

(iv) 7ri*(A^! u\Vi(t)) is the parallel transport of n u (A 1 Ll v i ) . 

(v) B\t) = {Ll{t),A\ l{t)Vl {t)--- ,^ (t) ^(f),...Lt 1 (t),Alx_ i(t) ^i(0-- - ,4 Li(t) ^(0} 
is an orthonormal basis ofH^^, and moreover A\ x ^L^(t) = for any a and j3. 

Proof of Lemma \5.4\ (i) Since Hf has constant curvature, by Proposition 12.2( b). we get 

= R(X 1 (t),Y l 1 (t),l\U)=g((V jl A 1 ) xl(t) Y l 1 (t),U) 

= g(V +Ai Ht) Y*(t),U) -g{A\^ [t) Yl{t),U) - g(A xi{t) V ^(t),!!) 

= g(V 7l A xm Yl(t),U). 

Therefore v 1 (Vji(t)A 1 x i^Y i l (t)) = 0. Similarly, we get v 1 (Vji(t)A 1 Ll ^L^(t)) = 0. 
(ii) We simply have 

(5.6) 7 1 (t)#(^(t),t> j (t)) = g{v l V ^ {t) Vi,Vj) + g(v i ,v 1 V jl(t) Vj) =0, 

which implies that g(vi(t),Vj(t)) is constant along 7 1 (t) and thus {t>i(t)}i<i< r is an or- 
thonormal basis. 

(Hi) Using the fact that (Ve 1 A)e 2 is skew-symmetric with respect to g [8], and that 
the total space has constant curvature, by Proposition 12.2( b). we have 

= R(Ll(t),Z, 1 \v l (t))=g((V^A l ) LUt) Z,v l (t)) = -g(Z, (V ^A 1 )^ {t)Vi (t)) 

= -g(Z, V ^A^vM) + g(Z, A l w ^ Ll{t) Vi(t)) + g(Z, A l Ll(t) v l V ^(t)) 

= -g{Z,V -a^Viit)), 

which implies (hi). 

(iv) By (Hi), we simply have V^Tx^A^^v^t)) = 0. 
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(v) By (iv), we have is an orthonormal basis of "Hyiuy By (i), we get 

i\tMAkw L P®Mt)) = ^h^i^Vi) + g {A\ m L\{t),v l v ¥{t)Vi ) = o, 

which implies that g(A^ l , t -.L^(t), Vi(t)) = g(A\ j i, Q -,L^(0),Vi(0)) = 0, for any i. Therefore 

4i(t)4(*) = a " " D 

We can establish similar results for 7r 2 , namely ti 2 *{A 2 l2 ^Wi(t)) is the parallel transport 
of Ti2*(A 2 T2 Wi). From Step 2, KiAA\ 1 Vi) = irzJA^Wi), therefore their parallel transports 
must be equal each other: 

(5-7) 'K Uz {A l L x a{t) v i {t)) =7r2*/(*)(A^ (t) tWi(t)), 

and that can be rewritten as f*z(A\i ^Vi(t)) = A\ 2 u\Wi{t). Using a argument similar to 
Step 2 for the special bases and B 2 (t), we simply get /* Z (A^F) = A 2 ^ E f*F for any 

E,FeB l {t). 

Proof of Step 4. Let x be an arbitrary point in if". Since iff is connected, there exists 
a broken geodesic 7(f) in B connecting b and tti(x) (see (33, p. 72]). Applying successively 
Step 3 to each smooth piece of the broken geodesic, we see that (*) is satisfied at every 
point z G F^(t), for every t, in particular (*) holds at x. □ 

Remark 5.5. A very important result due to Escobales is the criterium of equivalence 
of two Riemannian submersions, which states that if 7i"i , 7r 2 : M — > B are Riemannian 
submersions with connected totally geodesic fibres from a connected complete Riemannian 
manifold onto a Riemannian manifold, and if for some isometry / : M — > M the condition 
(*) holds at a given point p G M, then there exists an isometry / : B — > B such that 
^2 / = / TTi- Although the Proof of Lemma l5\4T i) invokes R(X, Y, Z, U) = 0, a usual 
hypothesis in the geometry of transversally symmetric (pseudo-) Riemannian foliations 
[12] , the proof of Theorem 15.11 relays on the construction of a special basis, which is 
specific to a pseudo-Riemannian submersion with totally geodesic fibres of a non-flat real 
space form. In Theorems 16.11 and I6.2[ we shall see that Theorems 15.11 can be adjusted 
to the case of pseudo-Riemannian submersions with (para-) complex connected totally 
geodesic fibres from a (para-) complex pseudo-hyperbolic space. 

6. Applications of the Main Theorem 

We summarize the results proven in the previous sections. 

Proof of Theorem By Theorems 14. 7\ I4.8[ 14.141 and Corollary 14.171 B is isometric to 
one of the following spaces Hf(-A), # 8 (-4), #f(-4), Off, AP m , H#™, BP m , denoted 
simply by B'. There exists an isometry / : B — > B'. Let ir' : M' — > B' the Hopf pseudo- 
Riemannian submersion with the base space B' and with M' a pseudo-hyperbolic space. 
Also, by Theorems 14.71 14.81 14.141 we see that a = dim(M'), I = index(M'), and thus 
M' = Hf. By Theorem 15.11 n' : Hf — > B' is equivalent to / o n : H f — > B', namely 
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there exists an isometry / : Hf — > Hf such that tt o / = / o tt. Therefore tt and tt' are 
equivalent. □ 

As a consequence of the Theorem ll.l[ we now obtain classifications of pseudo-Riemannian 
submersions with totally geodesic fibres from (a) CP™, (6) HP f m , (c) AP m , (d) BP™. 
First, we consider the following Hopf pseudo-Riemannian submersions with totally geo- 
desic fibres: 

(a) 7r CiH : Cf/f^+i 1 = H^f/Hl -> WH™ = P^+ 3 /Pf, with the fibres isometric to 

HI /Hi = CH\ (see also [3]), 
(6) 7T CiB : CP^ m+1 = H^+f/Hl ->■ !P m = H^Xl/Hl with fibres Pf/P* = CP 1 , 
(c) 7t AiB : AP 2m+1 = H^Xl/ Hl -> Kpm = H tmtl/ H h with fibres ^i/^ 1 = AP 1 . 

Theorem 6.1. // 7r : CP^ 1 -^t B is a pseudo-Riemannian submersion with connected 
totally geodesic fibres from a complex pseudo-hyperbolic space onto a pseudo-Riemannian 
manifold and if the fibres are complex submanifolds then tt is equivalent to one of the 
following Hopf pseudo-Riemannian submersions: 

(a) 7r C)H : CHlUX 1 -> HP™ (b) vr CiB : CP^ m+1 -> BP m 

Proof. Let # : P^+i — ^ CP^ 1 be the Hopf pseudo-Riemannian submersion over CP£\ 
Now, 7r and 9 are pseudo-Riemannian submersions with totally geodesic fibres, and by 
[T5| Theorem 2.5] so is tt o 6 1 , whom we can apply Theorem ll.il By our usual assumption 
dimCP^ 1 > dimP, we see that the dimension of the fibres of tt o 9 is greater than one. 
Therefore tt o 9 is equivalent to the Hopf pseudo-Riemannian submersions (c), (d), (e), 
(f), (g) of Theorem II .1| which implies that tt must be of the form: 

(i) cp^j 1 -»■ hp™, (a) cp^ m+1 ip m , 

(iii) CPj P 8 (-4), (iv) CPj P|(-4), (v) CP 7 7 ->• P|(-4), 

By [33], Proposition 4.2], the dimension of the fibres must be two, thus, (iii)-(v) are not 
possible. We refer the reader to [38] for a different proof of the non-existence of (v), and to 
[4] for that of (iii). Let 7Ti, 7r 2 ■ CP 2 ™! 1 — > HP™ be two pseudo-Riemannian submersions 
with totally geodesic fibres. By Theorem 15.11 ir\ o 9 and 7T2 o 9 are equivalent, and, by 
Proof of Theorem 15. 1[ there exists an isometry / : P^™^ 3 — > Pj^g 3 depending on the 
choice of an orthonormal basis a {v i p , v 2p , v 3p } of V p = Ker(7Ti o 9), p G P^i^ 3 , such that 

(6.1) 7T 2 O 9 O / = 7Ti o 9 

If we choose this orthonormal basis such that v^ p is 9- vertical, then, by a similar argument 
to the Proof of Theorem 15. 1| we see that / sends any #-fibre into a 9- fibre, and thus there 
exists an isometry / : CP^ 1 -> CP 2 2 ™^ such fo9 = 9of.By (EI]), we get vr 2 o/ = ttl 
A similar argument can be used to show the equivalence of two pseudo-Riemannian 
submersions tt Xi 7T 2 : CP 2m+1 -> BP m . □ 
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Theorem 6.2. If tt : AP a — > B is a pseudo-Riemannian submersion with connected 
totally geodesic fibres from a para-complex projective space onto a pseudo-Riemannian 
manifold and if the fibres are para-complex submanifolds then it is equivalent to the Hopf 
pseudo-Riemannian submersions: 

ii Afi : AP 2m+1 BP™. 

Proof. Let 7Ta : P 2a+1 ~~ ^ AP a be the Hopf pseudo-Riemannian submersion over AP a . 
One can show by an analogous argument to [331 Proposition 4.2] that in the para-case 
the fibres are also of dimension two. Applying Theorem 11.11 to tt o tt a , we obtain that tt 
should be of the form 

(i) AP 2 ™ +1 -»■ BP™, or (ii) AP 4 ™+ 3 ELff^ n+1 . 

Since the signatures of HP 2 ™ +1 and AP 4 ™ +3 are (4m + 4,4m) and (4m + 3,4m + 3), 
respectively, (ii) is not possible. The uniqueness of (i) follows analogously to the Proof 
of Theorem 16.11 □ 

Remark 6.3. The two twistor spaces tt : (Z 6 ,g) — > BP™ , e = ±1 ([2]) of the para- 
quaternionic Kahler manifold BP™ are equivalent to the Hopf pseudo-Riemannian sub- 
mersions 7T CiB : CP^ m+1 -»■ BP m (when e = -1) and tt AiB : AP 2m+1 -»■ BP m (when 
£ = 1). Here g is the unique Kahler-Einstein (when e = —1) or para-Kahler-Einstein 
(when e = 1) metric of Z £ [2]. Another nice fact is that the twistor space it : Z — > HP™ 
of the quaternionic Kahler manifold HP™ is equivalent to 7Tc,e : CP 2 ^ 1 — > HP™. 

Corollary 6.4. ^ There are no pseudo-Riemannian submersions it : HP™ — > P wift 
connected quaternionic fibres. 

(ii) There are no pseudo-Riemannian submersions it : BP™ — > B with connected para- 
quaternionic fibres. 

Proof. First, we recall that any (para-) quaternionic submanifold of a (para-) quaternionic 
manifold is totally geodesic [Tj. 

(i) To obtain a contradiction, we assume there exists a such submersion tt. Let tt^ : 
P 4 4 ™+ 3 HP,™ be the Hopf pseudo-Riemannian submersion over HP™. By Theorem 
IX . XL tt o 7r H is equivalent to one of the following: P 15 — > P 8 (— 4), P 15 — >■ P|(— 4), or 
H\l — > P|(— 4), thus 7r must be of the form 

(6.2) (a) HP 3 -»■ P 8 (-4), (6) HP 3 -»■ P 4 8 (-4) or (c) HP 3 ^ P 8 8 (-4). 

We conclude that the fibres are four-dimensional and that tt o 7r C e : CP| 4+1 — >■ Pf (— 4), 
(t,s) G {(1, 0), (1, 4), (3, 8)} are pseudo-Riemannian submersions with complex, totally 
geodesic, six-dimensional fibres, which contradicts Theorem 16.11 

The proof of (ii) is analogous to (i). □ 
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Remark 6.5. The Ucci topological proof jl3] of the nonexistence of (16.2( c)) cannot be 
extended to jO») and (jO[b)). because UHf, H 8 {-4), fl|(-4) have the homotopy 
types of S" 4 , of a point and of S 4 , respectively. 

Remark 6.6. Unlike the Riemannian submersions from spheres, the pseudo-Riemannian 
submersions from pseudo-hyperbolic spaces feature less rigidity when we drop out the 
condition of totally geodesic fibres. Namely, any Riemannian submersion from a sphere is 
equivalent to a Hopf one [26| B5] , while a pseudo-Riemannian submersion from a pseudo- 
hyperbolic space does not necessarily. Indeed, cf. [6], any pseudo-hyperbolic space Hf 
can simply be written as a warped product Hf = (H a ~ l XfS 1 , gm), via the identification 
(p : H a ~ l xS'-> Hf, given by <f)((x ,x),u) = (x u,x), for every u G S l , (x ,x) G H a ~ l , 
x G R + , x G R a ~ l . Here / : i7 a ' — > M + is given by f(x , (x 1} ■ ■ ■ , x o -0) = x , and the 
metric of the warped product is gn a ~ l ~ f 2 9s l - Now, the projection 

it:H? = H a - 1 x f S 1 ^ H a - 1 

is a pseudo-Riemannian submersion (with totally umbilical fibres [8]), which is not equiv- 
alent to a Hopf one, except possibly when (a, I) G {(3, 1), (7, 3), (15, 7)}. The classification 
problem of pseudo-Riemannian submersions from pseudo-hyperbolic spaces remains open. 
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